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AN INVERSE LAPLACE TRANSFORMATION FOR SOLVING HEAT-CONDUCTION PROBLEMS
WITH DISCONTINUOUS BOUNDARY CONDITIONS OF THE SECOND KIND

V. P. Kozlov and V. S. Adamchik UDC 5117.946:536.24

An inverse Laplace transformation is found for a class of functions encountered
in heat-conduction problems with discontinuous boundary conditions.

In the solution of multidimensional axisymmetric nonstationary heat-conduction problems
[1-3] for a system of two semibounded bodies with different thermophysical characteristics
(TPC) in thermal contact in a plane wherein bounded (local) surface heat sources are operative
with arbitrarily specified laws of heat flow density measurement in the corresponding domains,
Laplace transform representations of the following form are encountered:

Lv(s):Lv(s Pu P2 Pa V) - ! : l—kieXp(—Pi-VS_)

ky, ks, ks s’ 1—kyexp (~p2Vs_)-k3 €xXp (_p3_|/.—s_) ’ (1)
v, p; >0, i=1, 2, 3.
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In the present paper we examine the problem of inverting the transform (1). The result-
ing original function is represented in the form of a nonsingular integral expressible in
terms of a dual series in degenerate hypergeometric functions [4].

LEMMA. Let pi > 0, i = I, 3, and k,k; 2 0. Then for |k, + ky| < 1, or for |k, + k,| =
1, but with k; = 1, the modulus of the function

1 “kieXP(”‘P11/;)

P T RS Ve — ke V)

(2)

is bounded in the angle S = {s:Iargs | < 7h

Proof. We determine the conditions under which the denominator of the function (2) does
not vanish in the angle S. It is obvious that equating the denominator to zero is equivalent
to the system

ks exp (— p,ReV's) cos (p, ImV's) - ks exp (— psReVs ) cos (paImV's) = 1,
ky exp (— pyRe Vs ) sin (p,ImV's) + kg exp (— psReV's) sin (p;ImVs) = 0,

whence we have

k5 exp(—2p,Re V's) k3 exp(— 2psReV's) 4 2kaky X
X exp [— (p2 + ps) ReV'5]cos [(p, — po)ImV's] =1.

We estimate the left side of the last equation. It is not difficult to see that the value

of the left side of this equation satisfies the condition £(k, + k;)?, the equality sign be-
ing attained only for s = 0. Consequently, if |k, + k3| < 1, the denominator of the function
(2) has no zeros in the angle S. We show that even when |k, + k3| = 1, there are no zeros.
For this, it is obviously sufficient to prove the existence of the limit of ¢(s) as s » 0.

We have

1 —k4-kp Vs +0(s)

lim & (s} = lim —
§-0 520 | —ky— kg + (kopy -+ keps) Vs 0 (s)
sgS seS
11—k
_ = if k-t Ek 1,
J1_@_@ if ket ko~
N kipy | -
—_— e if Ryl hy=k =1
kops -+ ksps : ’ 1

It remains to prove the boundedness of the modulus of #(s) as s > » along the boundary of
the angle S, i.e., vs = Rexp[i(®/2 — €)1, € > O:

lim @(s) — lim 1 —exp{— pRexp[i(n/2 — )]} . 7
5coS R3c 1—k, exp {—sz exp [i{n/2—e]}—Fksexp {~—p3R exp[ z(—Q— -—g) ‘! }

= 1.

In accordance with the Phragmen—Lindelof principle, it follows that &(s) is bounded in the
angle S. Thus the lemma is proved.

We now go to the immediate inversion of the function (1):
0—!:i6

exp(st) Lv(s)ds, o >0.

o—id

LV(T)=:L‘HLV(QL:ghn P

Under the conditions stated in the lemma, the integrand function is single-valued and analytic
in the angle S. Consequently, by the Cauchy theorem (Fig. 1),
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Fig. 1. Contour for calculating the inverse Laplace transform
of the function (1).

Fig. 2. TIdealized physical model for the contact of semibounded
bodies with a thin circular heat source.
c+id
f-j=e g i)
o—i8 Ac FB (D EF DE
A detailed evaluation of these integrals is required; an evaluation of the second has
already been given in Sec. 11.2 of [5]. In view of this, we give only the main features in
the inversion of the function (1).

It follows from the above lemma and the Jordan lemma that the integrals along the large
arcs AC and FB tend toward zero. The integral along the small circle DE tends toward a con-

stant:

11—k
) if k+k 1,'\’:1,
1 — by — kg L 2 3 7=
A=1__ P hybh=k=1,v=1,
kops + ksps
0, if O0<<v<Zl.

In evaluating the integral along the segments CD and EF, it is necessary to take into account
that along the lower edge of the cut the function sV takes on the value IS!“exp( mvi), while
on the upper edge it takes on the value lslVexp(ﬂvl) Thus, we can represent the original

function (1) in the form
’ 2 Das 2 T exp(—w?)
Lv(t)=Lv [¢|Pv P> P2 V) _ 4, 2 %
() ( klsk2,k ﬁ§

+ [sinmv -+ kysin (pax — nv) 4 kg sin (pax — nv) — &y sin(pyx -+ iv) +
~+ Ryky sin(pyx — pox - wv) 4+ kyky sin (pyx — psx + wv)l/[1 +

x2 v—1

(3)

—+ k3 4 k% — 2k, cOS pax — k5 COS pyx + 2kaky COS (pax — psx)] dx.

We represent the function Lv(t) in terms of a dual series in degenerate hypergeometric
functions. To do this we split up the integral on the right side of Eq. (3) into two integrals,
gathering separately the terms for sinwv and cos v, and we then differentiate the left and
right sides of Eq. (3) with respect to tv. Justification for the differentiation of the integral
with respect to the parameter t follows from the fact that the integrals obtained thereby con-
verge uniformly with respect to T on an arbitrary finite interval for 0 < v £ 1:
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] sinowv % by exp{—ipx) \
—Lv(t) = — — \x3=2vexp (— TX? ; . R
ot © 7 § P ) [ 1 — kyexp (— ipax) — kgexp (— ipsX)

n 1 —kyexp (ipyx) dx—
I — ko exp (ipsx) — kg exp (ips¥)
COS TV I —kyexp (ipyx)

—_—— 3 X372 exp (— Tx%) [ : .
T . 1 — kyexp (ipyx) — kyexp (ipsx)
1 —kyexp(-—ip1x)

— dx.
1—@%”~%@—@mﬂ—@M]

We now expand the function [1 — k,exp (fip,x) — ksexp (*ip,x)]~%, subJect to the condition
1 > |k, exp (£ip,x)} + kgexp (#ipsx)| = Vk,? + k32 + 2k,kzcos (p,x — p3x) 2 |k, — ks, in a
dual series with respect to X on an arbitrary finite interval for 0 < v £ 1, we interchange
the order of integration and summation. We note here that it is not p0351ble to expand the
integrand function on the right side of Eq. (3) since the resulting dual series, together
with exp (—tx2)x!” 2V has a point of nonuniform convergence at x = 0. We have

0 n—m N S
P —~lv :—~—’§ S‘ BTG (m){smnwf} x3=2 exp (— Tx%) X

A v

X [COS XU — Ry COS X8pyy] dX - COS TV ( x3=2¥ exp (— ) [shlxamn—~—klsh1xamn]dx},
'0 .
where ap, = p,m + pg(n — m).
We integrate the left and right sides of the latter equation with respect to T and then
evaluate the resulting integrals:

=t “ o { I—w) / 1 a '
Lv(t)= Lv Tpupzypsy" kmkﬂm(n>{5gn( [ R S
™ ( ki, ko, ks ) ;;*n: P \m Fvyt— |77 Vg 4t (4)
1 a? - 1 3 a2
’*k F 1_,\7’____; _ mn f k n F (_—.__« D _ mn}
111( ) 4T)!TI‘\;———I—-)T3/2‘V [1am11\ v 5 it
2
3 3 a,
alnF —_ Vv, — T »
e ( 2 2 4t )J}
where ;F;(a; b; x) is a degenerate hypergeometric function [4]; a2 mn = p,m + p3(n - m),
Sgrl(l—*’v).: 17 0<'V<la
0, v=1.

As is evident, all the operations made above are valid for 0 < v £ 1. However, the in-
verse Laplace transform of the function (1) exists for arbitrary v > 0. Therefore, to invert
the transform (1) for v > 1, it is necessary to use the convolution theorem [5, 4]. Thus,
we have the following theorem.

/
THEOREM. The inverse Laplace transform of function (1) is the function LV’(T Zb Z% Z& V),
1 23
where pi > 0, i = 1, 3, 0 < v £ 1, which may be expressed in the form of the integral (3) if
k,ky 2 0'and |k, + ky| < 1, or if |k, + ky| = 1, but with k; = 1, or in the form of the dual
series (4) subject to the supplementary condition |k, — ks| < 1.

We give several examples of the use of the inverse Laplace transform of the function
(1) for solving a specific heat-conduction problem,

Assume that we have two half-spaces (Fig. 2) with different TPC, which are in ideal ther-
mal contact with a thin circular heat source of constant power g,(t) = q; = Wy/mr,2, where
r, is the radius of action of the source. The initial temperature distribution at all points
of the system of bodies considered is uniform and equal to T, = const. Outside the circle
(r > ro) in the plane (z = 0) of contact of the given bodies the temperature gradient along
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the normal to the boundary separating the bodies is absent. We are required to determine:
1) the dependence of the nonstationary specific thermal flows qx(t) or qe(t) on the axis

r = 0, advancing into the corresponding half-space due to the heating of the given system

of bodies by a bounded heat source of constant power; 2) the dependence of the nonstationary
temperature at the central point (r = z = 0) of the circular heat source.

The value of the transform qx(s) for the specific heat flow, directed along the |z| axis
(r = 0) and advancing into the semibounded domain of the body in question, may be expressed,
due to the action, in the system of bodies considered, of the circular heat source of arbi-
trarily specified specific power q,(t) = L™'{qo(s)], in the following form:

1 —exp(—p, Vs)

-k, —exp(—B,Vs) —k, exp(—a, V) )

92(5) = G0 (9)

where g, (s) = | g (1) exp(—s7)dy; &;@)::V go(t)exp(—st)dt is the transform of the total specific

o 0
heat flow qy(t), generated by the given heat source of arbitrarily specified (in time) power;
Be = ro/Vae, ax = ry/vYax, kp™' = be/bx, ry is the radius of the thin circular heat source;
ax, bx, ae, be are, respectively, the coefficients of thermal diffusivity and thermal activity
of the bodies considered (subscript x refers to the body in question and subscript e refers
to a standard body).

For the case in which q¢(t) = q, = const, the transform L[qy;] = q,/s, and expression
(5), in accordance with Eq. (1), may be written as follows:

_ s 6e$ “xs ﬁe’ 1 .
9= (8)  _ L S I ky (6)
9o 1+ & " 14k, 1tk

With the help of the known inverse Laplace transform of function (1) we can readily write
formula (6) in the form

qx(T SIS )™ [ nk‘/5+m(1_k1/2) (n4 1)k - m(1 — £L/?)
f a ‘- a —erf (7)
D e e 2 VFo, }

( n \ kn—m—l—l

erfx, £, = a, ja.
e

since F-—l—'—é—'—xzm—l/:rT
”(2"2’ 2%

Since for the thermal flows qq(1), qx(t), qe(Tt) we alwa&s have the relation q,(t) = qx(t) +
qe{t), we find, using Eq. (7), an expression also for the specific heat flow ge(T).

The transform T(0, 0, s) — (T,/s) = AT(s) for the excess temperature at the center (r =
= 0) of the heating spot for the set of given bodies in thermal contact has, even in the
case of the arbitrarily timewise-specified specific power q,(t) generated by the circular
heat source, the form

() = b7 7o (s) [1»—exp(-ax1/§)][1——exp(——ﬁai/gﬁlm ‘ (8)
T Vs L4k —exp(—BYs)— kb lexp(—ay Vs)

All the notation used in Eq. (8) corresponds to that used in formula (5). For the given heat
source of constant specific power Liq,] = q,/s the transform (8), in accordance with Eq. (1),
may be written as

AT (s) = % @ (s)Lv (s

x

Be o By 1 )
1 k,

> ’

1Lk, ' 1tk

(9)

where 9(s) = (1Ms)[1 ~ exp (—ox/s)].
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Using the inverse Laplace transform of the function g(s) [6],
— I
1) = L t[p(s)] = ———=—— [1 —exp(— al/41)]
®(7) lo () = —7="1 p(—ai/T)

and formula (4), we obtain the inverse Laplace transform of the transform (9):

o o By ! )t -
1 E,

1+k,  1+k

AT (1) = L™ [AT (s)]= —Z— ( ¢(® Lv (T —§

x 0

‘ ( n ) B
— - n b
_ 2q01/1 ~y ‘; m {.
b, (R

n=0 m=

n-+ 14 mk12—1)

— ierfc — — lerfe —
2 VFo, 2 VFo, +
—1/2 —1/2
+ ierfc ntltks 4 mik D1,
2 VFo,

Thus, the inverse Laplace transform of the class of function transforms of the form (1)
allows us to reduce the solutions of some analogous nonstationary heat-conduction problems
to tabular form.

NOTATION

Lv(s), designation, assumed by the present authors, of the class of function transforms
under consideration; Lv(t), designation, assumed by the present authors of the class of func-
tion. “inverse transforms; pi, ki, parameters characterizing the relationship between thermal
(physical) properties of the model of a system of bodies under consideration and allowing
for characteristic sizes of inner heat sources; v, parameter characterizing a given change
of heat flux density; s, parameter of integral Laplace transformation; t, time; Revs, real
part of vs; Imvs, imaginary part of vs; R, radius-vector (modulus vs); ;F,;(a; b; x), desig-
nation of the degenerate hypergeometric function (Kummer function); n, = ax/ae; kb = by/bg;

by = Ax//a;; b, = le//E;; thermal conductivities; ay, @y, thermal diffusivities; Ec(s)

(¢ = %, e, 0), representations of the corresponding heat fluxes W/m?*); bx’ b,, coefficients

oo

: 2
of thermal activity of the semispaces under consideration;I'(x), gamma function; edcx::1/E‘j

exp(—t?)dt supplementary probability integral; mﬂcxzzi7%:‘56ﬁchﬁ multiple probability
integral; (;), binomial coefficients; Foy = axr/roz, Fo, ="(a(,j:/roz dimensionless time
(Fourier numbers); AT(s), AT(r), transform and inverse transform of excess temperature at
the center of the heated spot; To, initial temperature of the system of bodies under con-
sideration; ¢ (s), ® (1), transform and inverse transform of the occurred function (in the
text); n, m, summation indices for a double series; ro, radius of the thin circular heat

source.
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